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We show that squeezing is an irreducible resource which remains invariant under transforma-
tions by linear optical elements. In particular, we give a decomposition of any optical circuit with
linear input-output relations into a linear multiport interferometer followed by a unique set of
single mode squeezers and then another multiport interferometer. Using this decomposition we
derive a no-go theorem for superpositions of macroscopically distinct states from single-photon de-
tection. Further, we demonstrate the equivalence between several schemes for randomly creating
polarization-entangled states. Finally, we derive minimal quantum optical circuits for ideal quantum
non-demolition coupling of quadrature-phase amplitudes.
PACS numbers: 42.50.Dv, 42.50.-p, 03.65.Fd
There is still no consensus as to the eventual working
material which will be used by large scale quantum com-
puters to store and process quantum information. By
contrast, there seems to be no dispute about using op-
tical or near-infrared photons for quantum communica-
tion. The advantages are obvious: high-speed transmis-
sion, weak coupling to the environment, negligible ther-
mal noise. Some disadvantages include the difficulties
in coupling light to light and in creating suitable input
states. Some proposals involve cavity QED [1–3]. How-
ever, to date all implementations of quantum commu-
nication protocols (over distances larger than microns)
have used only coherent state inputs and optical com-
ponents which are no more non-linear than parametric
down-converters or photodetectors. Thus, outside de-
tection, this suggests that near-future quantum commu-
nication experiments will also involve information pro-
cessing which can be described by at most a, possibly
time-dependent, linear mixing of annihilation and cre-
ation operators (linear Bogoliubov transformations cor-
responding to quadratic interactions) for optical modes.
In this paper we will demonstrate that for such systems
squeezing [4] forms an irreducible resource which allows
us to quantify their power.
It has been known for some time how to analytically
and numerically calculate the evolution of systems un-
der the action of linear Bogoliubov transformations [5–7].
Here, however, we develop a tool which will allow us to
predict the strengths and limitations of devices (and re-
sources). To that end, we would like to formalize our
equations in terms of a universal set of irreducible re-
sources and a restricted set of operations.
As a first step, we will see that any optical system
that is modeled by linear Bogoliubov transforms can be
decomposed into strictly ‘linear’ and strictly ‘non-linear’
components. For photonic modes, quantum optics pro-
vides a well-developed correspondence between labora-
tory components and theoretical mode couplings. In this
correspondence, traditional optics involves only linear el-
ements (beam-splitters, mirrors, half-wave plates, etc.).
Mathematically, linear optical components have Bogoli-
ubov transformations given by
bˆj =
∑
k
Ujkaˆk , (1)
where U is an arbitrary unitary matrix and there is no
mixing of the mode annihilation and creation operators.
Any such unitary U may be explicitly constructed from
linear optical primitive components [9].
By contrast, non-linear optical components (in par-
ticular squeezers, parametric amplifiers and down-
converters) are used to generate quantum resources
(squeezed states, entangled states, etc). These non-linear
components may produce a linear mixing between anni-
hilation and creation operators when some pumping field
or fields are strong enough that their quantum fluctua-
tions and pump depletion may be neglected (the so-called
parametric approximation). It is this regime of linear
transformations on (photonic) modes that is of interest
to us. Without attempting to be exhaustive we shall ex-
plicitly label three types of non-linear optical elements
which yield linear Bogoliubov transformations:
Squeezers (S): single-mode down-converters (also
known as parametric amplifiers) may be described by an
interaction Hamiltonian of the form
Hˆint = i
r
2
(aˆ†2
1
− aˆ21) , (2)
here r is the squeezing parameter and we drop extraneous
phases from our descriptions without loss of generality.
Two-mode down-converters (D2): may be described
by
Hˆint ∝ i(aˆ†1aˆ†2 − aˆ1aˆ2) . (3)
(Entangling) Four-mode down-converters (E4):
Hˆint ∝ i(aˆ†1aˆ†2 + aˆ†3aˆ†4 − aˆ1aˆ2 − aˆ3aˆ4) . (4)
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These latter devices may be thought of as entangling
down-converters if, for example, the even (odd) num-
bered modes represent differing polarization states for
a mode heading left (right).
We are now in a position to describe the reduction
of linear Bogoliubov transformations. This reduction is
given by the so-called Bloch-Messiah theorem for bosons
(a formal extension of the original result for fermions in
[8]; see appendix for a compact proof), which states:
Theorem (Bloch-Messiah reduction): For a general
linear unitary Bogoliubov transformation of the form
bˆj =
∑
k
(Ajk aˆk +Bjk aˆ
†
k) + βj , (5)
where aˆj, bˆj are bosonic annihilation operators, the ma-
trices A and B may be decomposed into a pair of unitary
matrices U and V and a pair of non-negative diagonal
matrices AD and BD satisfying
A2D = B
2
D + 1 , (6)
with 1 the identity matrix, by
A = UADV
† B = UBDV T . (7)
Corollary: For optical modes, Bloch-Messiah reduction
says that the general form of multimode evolution with
linear Bogoliubov transformations may be decomposed
into a multi-port linear interferometer, followed by the
parallel application of a set of single-mode squeezers fol-
lowed by yet another multi-port linear interferometer.
This reduction is illustrated in Fig. 1.
Bloch-Messiah
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FIG. 1. An arbitrarily complicated combination of linear
multi-port interferometers, squeezers, down-converters, etc
(S, D2, E4 etc), each component describable by a quadratic
interaction may be decomposed by Bloch-Messiah reduction
into a linear multi-port described by V †, a parallel set of sin-
gle-mode squeezers (S) and a second linear multi-port U .
Remark: After Bloch-Messiah reduction, the modes
acted upon by the single-mode squeezers will in general
involve linear combinations of different frequency fields.
Thus, the optical circuits so obtained do not necessar-
ily correspond to an immediate physical decomposition.
Such a physical decomposition may be readily obtained,
though it will no longer have the minimal Bloch-Messiah
reduced form.
One common application for down-converters is as
sources of interesting quantum states. We shall use
Bloch-Messiah reduction to tell us something about how
versatile such devices may be. We shall assume that ini-
tial coherent states can always be cheaply made avail-
able after which we may use linear optics and down-
converters. The simplest way of operating such a source
is unconditionally for which we state the following result:
Corollary: Given a set of initially coherent or vacuum
states, an arbitrarily complicated combination of linear
multi-port interferometers, down-converters, squeezers,
etc, will deterministically generate only Gaussian
states.
There are at least two other modes of state generation
which might be considered of interest:
Conditional state generation: where the required
state leaves some part of the apparatus whenever a suit-
able sequence of photodetection events is found in an-
other part. For example, a weakly coupled two-mode
down-converter (3) can make a single-photon state to a
good approximation in either of the two modes condi-
tioned on a single-photon count in the other.
Random state generation: where the required state
is ‘polluted’ by contributions from the vacuum state. In
this case, the state may be inferred by destructive pho-
todetection, but then it cannot leave the apparatus. For
example, a weakly coupled four-mode down-converter (4)
can make polarization entangled states randomly (in the
sense given above); interestingly, it is currently unknown
whether such states can be produced conditionally from
the coherent states, linear optics, down-converters and
photodetectors.
We see from these examples that the ‘cheap’ non-
linearity introduced by particle detection can increase the
versatility of linear Bogoliubov transformations. How-
ever, there still appear to be limitations:
Theorem (no-go for macro-superpositions): Detec-
tion of a single photon in one mode and no photons in
any number of other modes cannot conditionally create
superpositions of macroscopically distinct states given an
initial vacuum state and using an arbitrarily complicated
combination of linear multi-port interferometers, down-
converters, squeezers, etc (all described by quadratic in-
teractions).
Proof: Consider such a combination of components act-
ing on the vacuum. By Bloch-Messiah reduction (see
Fig. 1) the initial linear multi-port interferometer de-
scribed by V † preserves the vacuum state, so only the
later components have an affect. Since the individual
single-mode squeezers have evolution operators which
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may be trivially normally ordered we may immediately
write out the general form for the outgoing Gaussian
state as
|ψout〉 ∝ exp(12
∑
jk
Bjk bˆ
†
j bˆ
†
k) |0〉 , (8)
where without loss of generality Bjk may be chosen to
be complex symmetric and bˆ†j are the outgoing mode cre-
ation operators. Suppose a single photon is detected in
some mode bˆℓ and vacuum in several others, the condi-
tioned state is
|ψcond〉 ∝ det〈0| bˆℓ |ψout〉 ∝
∑
m
′
Bℓm bˆ
†
m det〈0|ψout〉 , (9)
where |0〉det is the vacuum state for the subset of detected
modes and the sum runs only over non-detected modes.
It is easy to see that det〈0|ψout〉 is a Gaussian state on the
remaining modes, so the conditionally created state from
single photon detection is seen to be a sum of branches
which differ by the placement of only a single photon in
one mode or another. 2
Remark: Large amplitude coherent states are ‘macro-
scopic superpositions’ only in the sense that they are
superpositions of macroscopic states (although these
states are not macroscopically distinguishable). Thus,
we have given a no-go theorem against creating so-called
Schro¨dinger cat states for any such scheme without re-
gard to the specific details of any particular implemen-
tation. A consequence of this result is that entangle-
ment may not be ‘amplified’ by say injecting microscopic
superpositions into strongly pumped down-converters as
has been recently suggested by De Martini [10] (though
obviously superposition states may be sent through an
amplifier [12]). A more detailed analysis of the specific
scheme of Ref. [10] supports the more general result of
Eq. (9) in our no-go theorem [11].
The Bloch-Messiah reduction theorem teaches us some
important lessons about the interconvertibility of differ-
ent kinds of sources. For example, we find that a single
squeezed state is an irreducible resource which cannot be
made from any number of lesser squeezed states and lin-
ear optics. Similarly, if some device requires some given
number of squeezers in Bloch-Messiah reduced form then
fewer squeezers plus linear optics will never suffice for the
device’s construction. Let us use these observations to
relate the three types of down-converters S, D2 and E4.
A non-entangling two-mode down-converter (D2) with
coupling (3) requires two squeezers in reduced form as
is illustrated in Fig. 2. For weak coupling this device is
a source of random photon pairs generated into distinct
modes. The Bloch-Messiah reduction into two squeez-
ers and a 50:50 beam-splitter gives us a more sophisti-
cated understanding of the Hong-Ou-Mandel interferom-
eter [13]. Away from the weak coupling limit we retrieve
BS
D2S S
FIG. 2. Bloch-Messiah equivalence: Here we illustrate the
equivalence between pair of squeezers (S) combined at a 50:50
beam-splitter (BS) and a single two-mode down-converter
(D2).
the twin-beam scheme for making two-mode squeezed
states from a pair of independently squeezed states [14].
Bloch-Messiah reduction neatly formalizes these multi-
photon interference phenomena.
PBS
րւ
⊙ րւ
⊙
PBS
D2
D2 E4
FIG. 3. Polarization entanglement without loss of
which-way information. Here we illustrate the equivalence
between an entangling four-mode down-converter (E4) with a
pair of non-entangling two-mode down-converters (D2) which
are randomly creating photon pairs with opposite polariza-
tions⊙,րւ. The polarization dependent beam-splitters (PBS)
direct all photons to the upper paths. Bloch-Messiah re-
duction shows that is impossible to (randomly) create such
entangled states with only a single pass through a single
non-entangling two-mode down-converter.
Similarly, Bloch-Messiah reduction applied to the en-
tangling four-mode down-converter (E4) of Eq. (4) shows
that four squeezers are required in reduced form. Thus,
a random polarization entangled state cannot be formed
from a single pass through a single non-entangling down-
converter [D2, Eq. (3)]. Nonetheless, it may be made
easily enough with two such devices [15]. In Fig. 3 we
give just such an equivalence. Curiously, this construc-
tion produces entanglement without erasing the which-
way information about the photons. It should be noted
that this scheme is very different (in terms of the irre-
ducible resources used) than the entanglement swapping
scheme of Zukowski et al [16] which starts with a pair of
entangling down-converters.
As a final application for the Bloch-Messiah reduction
theorem we consider constructing optimal optical circuits
using as little squeezing as possible. Consider the ideal
quantum non-demolition (QND) coupling between a pair
of optical quadrature-phase amplitudes
bˆ1 = aˆ1 − 12 aˆ2 + 12 aˆ†2
bˆ2 =
1
2
aˆ1 + aˆ2 +
1
2
aˆ†
1
. (10)
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The relevant decomposition is given by
A =
(
sin θ −i cos θ
cos θ i sin θ
)( √
5
2
0
0
√
5
2
)(
cos θ −i sin θ
sin θ i cos θ
)†
B =
(
sin θ −i cos θ
cos θ i sin θ
)(
1
2
0
0 1
2
)(
cos θ −i sin θ
sin θ i cos θ
)T
, (11)
where θ = 1
2
sin−1(2/
√
5) ≃ 31.72◦. The circuit consists
of a pair of squeezers with equal squeezing parameters of
r = ln[(1 +
√
5)/2] (corresponding to roughly 4.18 dB)
and a pair of unequal unbalanced beam-splitters with
energy transmission coefficients of 27.64% and 72.36%.
In fact, this circuit is equivalent to one derived by
Yurke [17], however, Bloch-Messiah reduction guarantees
its optimality. We can improve on it further by noting
that the singular value eigenvalues in (11) are degenerate
and so the decomposition is not unique; a construction
with much simpler 50:50 beam-splitters is given by
U = 1√
2
(
ieiθ ie−iθ
−eiθ e−iθ
)
V = 1√
2
( −e−iθ eiθ
−ie−iθ −ieiθ
)
,
with θ as above. We note that the QND coupling (10) has
recently been used in error correction codes for quantum
optical fields [18,19].
In conclusion, we have illustrated the utility of the
Bloch-Messiah reduction theorem for linear bosonic Bo-
goliubov transformations in the context of quantum op-
tics. We have shown the equivalence between a num-
ber of elementary sources of weak random states, includ-
ing a simple scheme to randomly generate polarization
entanglement without a loss of which-way information.
When supplemented by detection of a single photon we
have shown that superpositions of macroscopically dis-
tinct states cannot be created out of vacuum using lin-
ear optics and down-converters, squeezers, etc (all corre-
sponding to linear Bogoliubov transformations). Finally,
we used Bloch-Messiah reduction to study the construc-
tion of minimal optical circuits. Although we have con-
centrated on applications for photonic modes in quantum
optics the Bloch-Messiah reduction theorem holds for all
bosonic modes.
Appendix: Proof of Bloch-Messiah reduction
Without loss of generality, we may set the displace-
ments in Eq. (5) to zero, i.e., βj = 0. The canonical
commutation relations for bˆj in Eq. (5) impose the con-
ditions [7]
ABT = (ABT)T (12)
AA† = BB† + 1 , (13)
since AA† and BB† are hermitian and according to
Eq. (13) must commute, they also may be diagonalized
in the same basis by some unitary matrix U . However,
using the singular value decomposition theorem [20] we
can always diagonalize A = UADV
† and B = UBDW †
into non-negative matrices AD and BD satisfying Eq. (6)
where V and W are a pair of unitary matrices. Unitarity
of (5) guarantees a unique inverse which with the aid of
Eqs. (12) and (13) may be easily computed to be [7]
aˆj =
∑
k
(A∗kj bˆk −Bkj bˆ†k) . (14)
Imposing the canonical commutation relations again here
yields the conditions
A†B = (A†B)T (15)
A†A = (B†B)T + 1 . (16)
Thus we see that A†A and (B†B)T may be diagonalized
in the same basis by a unitary matrix V = W ∗ which
yields Eq. (7) as required. Finally, we note that this
form for A and B automatically satisfies the subsidiary
conditions of Eqs. (12) and (15). 2
[1] Q. A. Turchette, et al., Phys. Rev. Lett. 75, 4710 (1995).
[2] S. J. van Enk, J. I. Cirac and P. Zoller, Phys. Rev. Lett.
78, 4293 (1997),
[3] S. J. van Enk, et al., Phys. Rev. A 59, 2659 (1999).
[4] See, e.g., the special issues on squeezed states, JOSA B
4, 10 (1987); Appl. Phys. B 55, 3 (1992).
[5] I. A. Malkin, V. I. Man’ko and D. A. Trifonov, Phys.
Rev. D 2, 1371 (1970); J. Math. Phys. 14, 576 (1973).
[6] M. Moshinsky, SIAM J. Appl. Math. 25, 193 (1973).
[7] A. K. Ekert and P. L. Knight, Phys. Rev. A 43, 3934
(1991).
[8] P. Ring and P. Schuck, “The Nuclear Many-Body Prob-
lem” (Springer-Verlag, New-York, 1980), p.620.
[9] M. Reck, et al., Phys. Rev. Lett. 73, 58 (1994).
[10] F. De Martini, Phys. Rev. Lett. 81, 2842 (1998).
[11] F. De Martini, et al., “Generating entangled superposi-
tions of macroscopically distinguishable states within a
parametric oscillator,” quant-ph/9902082, Phys. Rev. A,
to appear.
[12] S. L. Braunstein, Phys. Rev. A 45, 6803 (1992).
[13] C. K. Hong, Z. Y. Ou and L. Mandel, Phys. Rev. Lett.
59, 2044 (1987).
[14] H. P. Yuen and J. H. Shapiro, Opt. Lett. 4, 334 (1979).
[15] D. N. Klyshko, Phys. Lett. A 132, 299 (1988); L. Hardy,
Phys. Lett. A 161, 326 (1992); P. G. Kwiat, et al., Phys.
Rev. A 49, 3209 (1994).
[16] M. Zukowski, et al., Phys. Rev. Lett. 71, 4287 (1993).
[17] B. Yurke, JOSA B 2, 732 (1985).
[18] S. L. Braunstein, Phys. Rev. Lett. 80, 4084 (1998).
[19] S. Lloyd and J. J.-E. Slotine, Phys. Rev. Lett. 80, 4088
(1998).
[20] R. A. Horn and C. R. Johnson, Matrix Analysis, (Cam-
bridge University Press, Cambridge, 1985) p.157.
4
